The n-hypercube, denoted by Qn, has a vertex for each bit string of length n with two vertices adjacent whenever their Hamming distance is one. The minimum number of colors needed to color Qn such that no two vertices at a distance at most k receive the same color is denoted by χk(n). Equivalently, χk(n) denotes the minimum number of binary codes with minimum distance at least k + 1 required to partition the n-dimensional Hamming space. Using a computer search, we improve upon the known upper bound for n = 9 by showing that 13 ≤ χ2(9) ≤ 14.
Introduction
The n-hypercube (or n-cube), denoted by Q n , is a graph whose vertex set corresponds to the set of all bit strings of length n. In the graph, two vertices are adjacent whenever their Hamming distance is one, i.e., the two bit strings differ in exactly one position. The kth power of a graph G, denoted by G k , is the graph on the same vertex set as G with an edge between each pair of vertices at a distance at most k. In particular, G 2 is known as the square of G. Originating from a study of scalability of optical networks, the problem of determining the chromatic number of the square of the n-hypercube has received considerable attention (see e.g., [8, 6, 1, 9, 2] ). In the context of coding theory, a proper vertex coloring of Q k n corresponds to a partition of {0, 1} n into binary codes of minimum distance at least k + 1. We denote the chromatic number of Q k n by χk(n). Specifically, in what is to follow, we will focus on χ2(n).
Determining the exact value of χk(n) has been deemed a difficult problem [5] . For roughly 25 years, it was known that 13 ≤ χ2(8) ≤ 14, with explicit 14-colorings given independently by Hougardy [10] and Royle [3, Section 9.7] . Recently, Kokkala andÖstergård [4] proved that χ2(8) = 13 by constructing an explicit 13-coloring for Q 2 8 . Given the result, the precise value of χ2(n) is known for all n ≤ 8. For n = 9, it is not difficult to derive that 13 ≤ χ2(9) ≤ 16. In fact, to the best of our knowledge, no tighter bounds are known. We improve upon the known upper bound by establishing that 13 ≤ χ2(9) ≤ 14. In particular, we demonstrate an explicit 14-coloring for the square of the 9-hypercube, found by a computer search.
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It is known that 16 colors suffice to properly color the vertices of Q 2 9 (for a gentle introduction, see [7] ). Similarly, at least 13 colors are needed. In what is to follow, we present an explicit 14-coloring for Q 2 9 , bringing the known upper bound from 16 down to 14. In other words, our construction establishes that 13 ≤ χ2(9) ≤ 14.
The claimed 14-coloring is given in Table 1 . Eight of the color classes are of size 40, two of size 35, two of size 33, one of size 31, and one of size 25. For convenience, we list the elements of each of the 14 color classes as integers from 0 to 511. We also provide a simple program 1 for verifying that the given coloring is indeed proper.
We will give details of the computational approach taken to discover the coloring in a full version of the manuscript. Table 1 : A partition of the vertex set of Q 2 9 into color classes C 1 , . . . , C 14 . 
